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Abstract
Let G be an infinite graph embedded in a surface such that each open face of the embedding is homeomorphic to an open disk
and is bounded by finite number of edges. For each vertex x of G, we define the combinatorial curvature
KG(x) = 1− d(x)2 +
∑
σ∈F(x)
1
|σ | ,
where d(x) is the degree of x , F(x) is the multiset of all open faces σ in the embedding such that the closure σ¯ contains x , and
|σ | is the number of sides of edges bounding the face σ . In this paper, for a finite simple graph G embedded in a surface with
3 ≤ dG(x) < ∞ and KG(x) > 0 for all x ∈ V (G), we have (i) if G is embedded in a projective plane and |V (G)| = n ≥ 290,
then G is isomorphic to Pn ; (ii) if G is embedded in a sphere and |V (G)| = n ≥ 580, then G is isomorphic to either An or Bn .
c© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
The notion of combinatorial curvature was introduced by Gromov [6] to study hyperbolic groups. Later it was
modified by Ishida [8]. Then, the notion of discrete curvature was considered by some others, for example, see [1–4].
Moreover, using the curvature of point, Imiya et al. [7] got the application for image processing. We will give some
notations used in this paper.
Let G be a graph embedded in a compact surface S without boundary. The graph G can be infinite, and may have
loops and multiple edges; however, each vertex is required a finite degree. We view the vertex set V (G) as a subset of
S, each edge of G as an open arc of S, and consider G as the union V (G)
⋃
E(G) so that G is a subset of S. If V (G)
is infinite, the accumulation set
V ′(G) := G − G
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Fig. 1. The projective wheel graphs P6 and P7.
may not be empty, where G is the closure of the subset G in S. To avoid pathological cases, we assumed that the
embedding satisfies the following properties:
(C1) The accumulation set V ′(G) is finite;
(C2) The complement S−G is a disjoint union of connected open sets, each such open set U is homeomorphic to an
open disk and its boundary ∂U in S (∂U = U −U ) is a finite subgraph of G.
Then the punctured surface S − V ′(G) is decomposed into a collection of (possibly infinitely many) vertices, open
edges, and open regions. We call each open region an open face (or just a face) of G, and call each accumulation point
in V ′(G) an end of G.
Note that the closure of a face may not be homeomorphic to a closed disk. This means that the boundary of a face
may not be a cycle of G. Since each edge of G in the surface has two sides, we say that one side of an edge bounds a
face σ provided that σ is exactly on that side of the edge. The length of a face σ is the number of sides of σ , and is
denoted by |σ |.
For each vertex x of G, we denote by dG(x) or just d(x) the degree of x (the number of edges incident with x), and
by F(x) the multiset of faces σ such that x is contained in the closure σ¯ ; the multiplicity of a face σ is the number of
times that x is visited when one travels along the sides of σ in an orientation.
Definition 1.1. Let G be a graph (finite or infinite) embedded in a compact surface S without boundary, satisfying the
conditions (C1) and (C2). The combinatorial curvature of G is the function KG : V (G) −→ R given by
KG(x) = 1− d(x)2 +
∑
σ∈F(x)
1
|σ | , x ∈ V (G). (1.1)
The number KG(x) is called the curvature of G at the vertex x .
The most interesting and important problem about the combinatorial curvature is perhaps to classify embedded
graphs whose curvatures satisfy certain properties. We are interested in classifying the embedded graphs with positive
curvature at every vertex. To state our result on such classification of finite graphs with positive curvature everywhere,
we introduce a type of projective wheel graphs Pn with n ≥ 3 vertices, and two types of cylinder graphs An and Bn
for integers n ≥ 3 vertices. The vertex set of Pn is
V (Pn) = {x1, x2, . . . , xn}
and the edge set of Pn is given as follows: For odd n = 2s + 1,
E(P2s+1) = {xi xi+1, xi xs+i , xi xs+i+1 : 1 ≤ i ≤ s + 1},
where xi = xn+i , and for even n = 2s,
E(P2s) = {xi xi+1, xi xs+i : 1 ≤ i ≤ s}.
The examples for Pn are demonstrated in Fig. 1.
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Fig. 2. The cylinder graphs A6 and B6.
The vertex sets of An and Bn are the same, having 2n vertices as
V (An) = V (Bn) = {x1, . . . , xn, y1, . . . , yn}.
The edge set of An is
E(An) = {xi xi+1, yi yi+1, xi yi : 1 ≤ i ≤ n},
and the edge set of Bn is
E(Bn) = {xi xi+1, yi yi+1, xi yi , xi yi+1 : 1 ≤ i ≤ n},
where xn+i = xi , yn+i = yi . The examples for An and Bn are demonstrated in Fig. 2.
In fact, the cylinder graph An is the skeleton of an n-sided prism, while Bn is the skeleton of an n-sided anti-prism.
Also all the three classes of graphs: pn , An , and Bn belong to vertex transitive graphs. The classification of the infinite,
locally finite, planar, edge-transitive graphs and more topics of infinite graphs on surfaces are discussed in [9].
The main Theorem in this paper as follows:
Theorem 1.2. Let G be a finite graph embedded in a compact surface without boundary, and 3 ≤ d(x) < ∞ and
K (x) > 0 for all x ∈ V (G).
(a) If G is embedded in a projective plane with n ≥ 290 vertices, then G is isomorphic to Pn .
(b) If G is embedded in a sphere with n ≥ 580 vertices, then G is isomorphic to either An or Bn .
2. Properties of combinatorial curvature
In this section we use [10] terminology and notations not defined here. We assume that G is a simple graph (no
loops or multiple edges) embedded in a compact surface S without boundary, satisfying the conditions (C1) and (C2).
Let x be a vertex of G. The degree of x is denoted by d = d(x). Let σ1, . . . , σd be faces of G incident with x , listed
in increasing order of lengths |σ1| ≤ · · · ≤ |σd |. The face vector of G at the vertex x is the vector
f (x) = (|σ1|, . . . , |σd |).
A cycle C of G is called a face cycle if C bounds a face of G.
The following Lemmas are due to Chen et al. [5], but there are a little modification in some Lemmas.
Lemma 2.1. If the curvature K (x) > 0 at a vertex x, then 1 ≤ d(x) ≤ 5. Moreover, the face vectors and the
curvatures for each of the cases are characterized into the following patterns:
(1) For d(x) = 1, we have f (x) = (k) with k ≥ 2 and K (x) = 12 + 1k > 12 .
(2) For d(x) = 2, we have f (x) = (m, k) with 3 ≤ m ≤ k, K (x) = 1m + 1k > 1m ≥ 1k .
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(3) For d(x) = 3,
f (x) (3, 3, k), k ≥ 3 (3, 4, k), k ≥ 4 (3, 5, k), k ≥ 5
(3, 6, k), k ≥ 6 (3, 7, k), 7 ≤ k ≤ 41 (3, 8, k), 8 ≤ k ≤ 23
(3, 9, k), 9 ≤ k ≤ 17 (3, 10, k), 10 ≤ k ≤ 14 (3, 11, k), 11 ≤ k ≤ 13
(4, 4, k), k ≥ 4 (4, 5, k), 5 ≤ k ≤ 19 (4, 6, k), 6 ≤ k ≤ 11
(4, 7, k), 7 ≤ k ≤ 9 (5, 5, k), 5 ≤ k ≤ 9 (5, 6, k), 6 ≤ k ≤ 7
K (x) = 1/6+ 1/k = 1/12+ 1/k = 1/30+ 1/k
= 1/k = 1/k − 1/42 ≥ 1/1722 = 1/k − 1/24 ≥ 1/552
= 1/k − 1/18 ≥ 1/306 = 1/k − 1/15 ≥ 1/210 = 1/k − 5/66 ≥ 1/858
= 1/k = 1/k − 1/20 ≥ 1/380 = 1/k − 1/12 ≥ 1/132
= 1/k − 3/28 ≥ 1/252 = 1/k − 1/10 ≥ 1/90 = 1/k − 2/15 ≥ 1/105
(4) For d(x) = 4,
f (x) (3, 3, 3, k), k ≥ 3 (3, 3, 4, k), 4 ≤ k ≤ 11
(3, 3, 5, k), 5 ≤ k ≤ 7 (3, 4, 4, k), 4 ≤ k ≤ 5
K (x) = 1/k = 1/k − 1/12 ≥ 1/132
= 1/k − 2/15 ≥ 1/105 ≥ 1/30
(5) For d(x) = 5, we have f (x) = (3, 3, 3, 3, k) with 3 ≤ k ≤ 5 and K (x) ≥ 130 .
Corollary 2.2. If the curvature K (x) > 0 at a vertex x, then
min K (x) =

1
1722
3 ≤ k ≤ 41,
1
k
k > 41,
where k has the same meaning as in Lemma 2.1.
Proof. It follows directly from Lemma 2.1. 
Lemma 2.3. If the curvature K (x) = 0 at a vertex x, then 3 ≤ d(x) ≤ 6. Moreover, the face vectors for each of the
cases are characterized into the following patterns:
(1) For d(x) = 3, we have f (x) = (3, 7, 42), (3, 8, 24), (3, 9, 18), (3, 10, 15), (3, 11, 12), (3, 12, 12), (4, 5, 20),
(4, 6, 12), (4, 8, 8), (5, 5, 10), (6, 6, 6).
(2) For d(x) = 4, we have f (x) = (3, 3, 4, 12), (3, 3, 6, 6), (3, 4, 4, 6), (4, 4, 4, 4).
(3) For d(x) = 5, we have f (x) = (3, 3, 3, 3, 6), (3, 3, 3, 4, 4).
(4) For d(x) = 6, we have f (x) = (3, 3, 3, 3, 3, 3).
Corollary 2.4. Let σ be a face of an embedded graph G such that |σ | ≥ 13 and K (x) ≥ 0 for all x ∈ V (∂σ ). Then
∂σ is a cycle of G. Moreover, if C1 and C2 are two cycles of G, then C1 and C2 are disjoint.
Lemma 2.5. Let σ be a face of the graph G. If |σ | ≥ 43 and K (x) ≥ 0 for all x ∈ V (∂σ ), or if |σ | ≥ 42 and
K (x) > 0 for all x ∈ V (∂σ ), then the boundary ∂σ of σ is a cycle of G and∑
x∈V (∂σ )
K (x) ≥ 1.
Corollary 2.6. Let σ1, . . . , σn be faces of the graph G. If K (x) ≥ 0 for x ∈ ∂σ1 ∪ · · · ∪ ∂σn and |σi | ≥ 43 for all
1 ≤ i ≤ n, then∑
x∈V (∂σ1∪···∪∂σn)
K (x) ≥ n.
Moreover, the boundaries ∂σ1, . . . , ∂σn are pairwise disjoint cycles of G.
Lemma 2.7. Let x be a vertex of the graph G such that 0 < K (x) < 1/1722. Then x is on a cycle C of G, bounding
a face of length at least 43.
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Fig. 3. Impossibility of face vector (3, 7, 41) at every vertex of G.
3. The Proof of Theorem 1.2
We first prove the the statement of Theorem 1.2 for the projective case. To do this we need the following lemma.
Lemma 3.1. Let G be a finite simple graph embedded in a projective space such that 3 ≤ d(x) <∞ and K (x) > 0
for all x ∈ V (G). If |V (G)| ≥ 290, then all vertices of G are on a cycle bounding a face of length |V (G)|.
Proof. Case 1: There is one vertex x such that K (x) < 1290 .
Case 1.1: If there is one vertex x such that K (x) < 11722 , then by Lemma 2.7, there is a cycle C of length at least
43 such that C bounds a face σ .
Case 1.2: If 11722 ≤ K (x) < 1290 for all x ∈ V (G). we can divide this case into two cases by Lemma 2.1.
Case 1.2.1: There is a vertex x whose curvature equals 1k , that is, the face vector at the vertex x is one of the
following cases: (3, 6, k), (4, 4, k), (3, 3, 3, k). So the k > 290, and x is on the cycle length larger than 290, then
there is a cycle C of length larger than 43 which bounds a face σ .
Case 1.2.2: The face vector at every vertex is one of the following cases: (3, 7, 37),(3, 7, 38), (3, 7, 39), (3, 7, 40),
(3, 7, 41),(3, 8, 23), (3, 9, 17), (3, 11, 13), (4, 5, 19).
We can claim that these cases are all impossible.
Firstly, if all the vertex have the same face vector (take (3, 7, 41) as an example), we can take a vertex x and draw
its faces as in Figures 3. Since all the vertex have the same face vector and the vertex u has faces of lengths 3 and 7,
then the vertex u must has a face of length 41. Thus the edge uv must be on the boundary of a face of length 41. It
follows that the vertex v has two faces of length 41. This is contradictory to Corollary 2.4, using the same method, we
can show that it is impossible that all the vertex have the same face vectors.
Secondly, if there are at least two kinds of face vectors in G. Using the above method, we can also get the
contradiction.
So there is a cycle C of length at least 43 which bounds a face σ if there is a vertex x such that K (x) < 1290 . By
Lemma 2.5, we have
1 =
∑
x∈V (G)
K (x) ≥
∑
x∈V (C)
K (x) ≥ 1.
So V (G) = V (C). Hence all vertices of G are on a cycle bounding a face σ of length n.
Case 2: Every vertex x ∈ V (G) has K (x) ≥ 1290 . Hence, K (x) = 1290 for all x ∈ V (G) and there are exactly 290
vertices. By Lemma 2.1, there exists one vertex on the cycle of length 290. So there is a cycle C of length larger than
43 which bounds a face σ if K (x) ≥ 1290 for all x ∈ V (G).
Now we see that the graph G has a face σ of length at least 43. The boundary of σ must be a cycle C by
Corollary 2.4. Hence all vertices of G are on a cycle bounding a face σ of length n. 
The proof of Theorem 1.2 Part (a).
Since n ≥ 290, it follows from Lemma 3.1 that all vertices of G are on a cycle bounding a face σ of length n.
Case 1: There exists a vertex of degree 4.
Let x1 be a vertex whose degree is 4. Then there are two edges incident with x1 other than the edges on the cycle
∂σ ; we label the two edges by 1 and 2 as shown in Fig. 4. Label the edge with 1 which is incident with a vertex y0.
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Fig. 4. Case of there existing a vertex of degree 4.
(a) i < j . (b) i > j .
Fig. 5. The impossibility cases of i 6= j .
We label the vertices on the cycle ∂σ starting from x1 counterclockwise by x1, x2, x3, . . . , xi and label the vertices on
the same cycle starting from y0 counterclockwise by y0, y1, y2, . . . , y j , respectively. Then i + j + 1 = n; see Fig. 4.
Recall from Lemma 2.1 that the face vector at any vertex of degree 4 on the cycle ∂σ is (3, 3, 3, k) with k ≥ 290.
Since d(x1) = 4 and G has the face σ of length larger than or equal to 290, the edges x1 y0 and y0 y1 must bound a
triangular face. It forces that x1 y1 is an edge (label 2) of G. Thus x1 is adjacent to y0 and y1. Similarly, since the edges
y1x1 and x1x2 must bound a triangular face, it forces that y1x2 (label 3) is an edge of G. Hence d(y1) = 4. We can get
x2 y1 and y1 y2 must bound a triangular face so that x2 y2 (label 4) is also an edge of G. Therefore x2 is adjacent to y1
and y2. Now d(y2) = 4; the edges y2x2 and x2x3 must bound a triangular face so that y2x3 (label 5) is an edge of G;
and the edges x3 y2 and y2 y3 must bound a triangular face so that x3 y3 is an edge (label 6) of G. We thus conclude that
x3 is adjacent to y2 and y3. Continuing this procedure we see that xr is adjacent to yr−1 and yr , 1 ≤ r ≤ min{i, j}.
We divide the case into three subcases.
Case 1.1: i < j . The edges y0x1 and x1 y j must bound a triangular face so that y0 y j is also an edge of G. Then
d(y0) = 5. This is a contradiction, see Fig. 5(a).
Case 1.2: i > j . The edges x1 y j and y j x j must bound a triangular face so that x1x j is an edge of G. Thus
d(x1) = 5. This is a contradiction, see Fig. 5(b).
Case 1.3: i = j = s. It follows that the graph G is isomorphic to the graph P2s+1, see Fig. 6(a).
Case 2: There is no vertex of degree 4.
This means that every vertex of G has degree 3. Then every vertex on the cycle ∂σ is adjacent to another vertex
on the same cycle. It forces that the number of vertices on the cycle must be even. Let n = 2s and the vertices
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(a) P2s+1. (b) P2s .
Fig. 6. The projective plane graph isomorphic to Pn .
x1, x2, . . . , xs be adjacent to the vertices y1, y2, . . . , ys , respectively. Since the graph G is embedded on the projective
plane, it forces that the order of y1, y2, . . . , ys are the same as that of x1, x2, . . . , xs , see Fig. 6(b). 
The following Lemma 3.2 due to Chen [5].
Lemma 3.2. Let C be a face cycle of length at least 43 of a graph G embedded in a sphere such that 3 ≤ d(x) <∞
and with positive curvature at every vertex. Let u and v be two vertices of C. If u and v are not adjacent in C, then u
and v are not adjacent in G.
Lemma 3.3. Let G be a finite graph embedded in a sphere such that K (x) > 0 for all x ∈ V (G). If |V (G)| ≥ 580,
then all vertices of G are exactly on two disjoint cycles bounding two faces.
Proof. Since the Euler characteristic of a sphere is 2, there is at least one vertex whose curvature is less than or equal
to 1290 .
Case 1. There exists one vertex x1 such that K (x1) < 1290 .
There must be a face σ such that |σ | ≥ 43 by the proof of Lemma 3.1, and we have∑
x∈∂σ
K (x) ≥ 1.
Moreover, we have K (x) ≥ 1k for all x ∈ ∂σ by Corollary 2.2. Let a3, a4, a5, a6, b, and c be the numbers of
vertices on ∂σ whose face vectors are (3, 3, k), (3, 4, k), (3, 5, k), (3, 6, k), (4, 4, k), and (3, 3, 3, k), respectively. Let
C1 be the induced subgraph of G with the vertex set V (C1) = {x ∈ V (G) : x 6∈ V (∂σ ), xy ∈ E(G)}. Since G is
embedded in a plane and σ is a face, the subgraph C1 must be a cycle. Note that∑
x∈∂σ
K (x) = 1+ a3
6
+ a4
12
+ a5
30
≤ 2.
Thus a3 ≤ 6, a4 ≤ 12, and a5 ≤ 30. Since each vertex with the face vector (3, 3, k) may result three vertices of ∂σ
corresponding to one vertex of C1, the number of vertices of C1 may be reduced by 2a3. Similarly, each vertex with
the face vector (3, 4, k) may result two vertices of ∂σ corresponding to one vertex of C1, then the number of vertices
of C1 may be further reduced by 2a4. However, vertices with the other face vectors (3, 5, k), (3, 6, k), and (3, 3, 3, k)
correspond to distinct vertices of C1. It follows that
|C1| ≥ |∂σ | − 2a3 − a4 ≥ 290− 2 · 6− 12 = 266.
If either a3 ≥ 1 or a4 ≥ 1, then∑x∈V (C1) K (x) ≤ 1 − 112 = 1112 . Then there is at least one vertex y ∈ C1 such that
K (y) ≤ 1112·266 < 1290 . Thus there is a face τ of length at least 43 and y ∈ ∂τ . Thus
∑
x∈V (∂τ ) ≥ 1. It follows that
V (∂τ ) = V (G)− V (∂σ ) and V (∂τ ) = V (C1).
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Fig. 7. Negative curvature at the marked vertices.
If a3 = a4 = 0, then |C1| ≥ |∂σ | ≥ 290. If there is a vertex z 6∈ C1 ∪ ∂σ , then |C1| > |∂σ | ≥ 290. It follows that
there is a vertex y ∈ C1 such that K (y) < 1290 . Otherwise V (G) = V (C1) ∪ V (∂σ ), and C1 must be a face cycle.
Case 2. K (x) ≥ 1290 for all x ∈ V (G), then K (x) = 1290 for all x ∈ V (G) and there are exactly 580 vertices. By
Lemma 2.1, we can know that there is one vertex of G which is on a cycle of length 290, so we have a face σ of length
290 which is larger than 43. The boundary of σ must be a cycle C by Corollary 2.4. Also the degree of every vertex
on the cycle C is no less than 3, so let u ∈ V (σ ), uv ∈ E(G), and v 6∈ V (σ ). Hence, v is also on a face cycle C ′ of
length 290. Moreover, C and C ′ are disjoint. So it forces that V (G) = V (C) ∪ V (C ′), that is, all vertices of G are
exactly on two disjoint cycles bounding two faces. 
Proof of Theorem 1.2 Part (b).
Let C1 and C2 be two cycles of length at least 43. Since
∑
x∈V (Ci ) KG(x) ≥ 1, it forces that all vertices are
on the two cycles. Let B(C1,C2) be the bipartite graph whose vertex set is V (C1) ∪ V (C2) and the edge set is
E(G)− E(C1)− E(C2). Since the degree of each vertex of B(C1,C2) is either 1 or 2, B(C1,C2) is a disjoint union
of cycles and paths. If there is a cycle in B(C1, B2), it must be a Hamilton cycle, and all edges of B(C1,C2) are on
the Hamilton cycle. Then the cycles C1 and C2 have the same length n, and the graph G is isomorphic to Bn . If, on
the other hand, there is no cycle in B(C1,C2), that is, all connected components are paths, we claim that all of them
are just edges. Suppose that there is a path of length at least 2, for example, see Fig. 7, then there are vertices having
negative curvature. Thus the length of all paths must be one, that is, all paths are edges. Hence the cycles C1 and C2
have the same length n, and the graph G is isomorphic to An . 
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